Abstract. We show that the wave group on asymptotically hyperbolic manifolds belongs to an appropriate class of Fourier integral operators. Then we use now standard techniques to analyze its regularized trace. We prove that, as in the case of compact manifolds without boundary, the singularities of the regularized wave trace are contained in the set of periods of closed geodesics. We also obtain an asymptotic expansion for the trace at zero.
Introduction
The spectral and scattering theory of asymptotically hyperbolic manifolds have been extensively studied in recent y ears. See for example 1, 3, 10, 11, 15, 17, 18, 22 and references cited there. They are a v ery good example of a class of manifolds for which a geometric scattering theory can be developed. They have also been studied in connection with Conformal Field Theory, see for example 2, 9, 25 and references cited there. In this note, we study the wave group on asymptotically hyperbolic manifolds and show that it belongs to an appropriate class of Fourier integral operators.
As an application, we analyze the singularities of its regularized trace. As in the case of scattering on the Euclidean space, it is expected that this group and its trace will give information about the manifold. It is expected that the techniques used here should extend to the case of scattering and b-manifolds.
A compact manifold, X; with boundary @ X ;is called asymptotically hyperbolic when it is equipped with a metric of the form g = H x 2 ; where x is a de ning function of @ Xand H is a smooth Riemannian metric on X;non-degenerate up to @ X ;and such that jdxj H = 1 a t @ X :This name is due to the fact, see 18 , that along a smooth curve in X n @ X ;approaching a point a t @ X ;all sectional curvatures of g approach ,1: The simplest examples of such manifolds are the hyperbolic space, H n+1 ; and its quotients by certain group actions, see for example section 8 of 18 .
It is proved in Proposition 2.1 of 15 that, under these assumptions on g, there exists a product decomposition X @ X 0; ; for small enough, such that g = dx 2 + hx; y; dy x 2 :
1.1
Let denote the positive, self-adjoint Laplacian corresponding to the asymptotically hyperbolic metric g;acting on half-densities. We recall that g induces a canonical trivialization of the 1-density bundle by taking = p volgjdxdyj; the Riemannian density. The square root of this is then a natural trivialization of the half-density bundle. The Laplacian is de ned by where the Laplacian on the right hand side is the usual one acting on functions. It is well known, see for example 16, 1 8 , that the continuous spectrum of is n 2 4 ; 1: 1 The sections of the density bundle 0 X are de ned to be smooth multiples of the Riemannian half-density. In local coordinates where 1.1 holds it is given by = hx; y dx x dy x n ; h 2 C 1 X; h 6 = 0 :
The bundle 0 1 2 X is the half-density bundle obtained from 0 X: Similarly we de ne the bundle 0 1 2 X X:
The group cos t q , n 2 4 is de ned to be the operator whose kernel Ut; w; w 0 satis es @ 2 @ t 2 + w , n 2 4 Ut; w; w 0 = 0 ; U0; w ; w 0 = w;w 0 ; @ @ t U0; w ; w 0 = 0 : We are heavily in uenced by Melrose's work in the b,category 19 , though he does not examine the speci c problem of constructing wave groups there, and by his work with Mazzeo 18 on the construction of the resolvent for this class of manifolds. In 18 i t w as shown that the resolvent for the Laplacian can be constructed within a large" calculus of zero pseudo-di erential operators. In particular the Schwartz kernels of these operators were constructed as distributions on the blown-up space X 0 X;obtained by taking X X and blowing up D @X ; which is the intersection of the diagonal D with the corner @ X @ X :
We recall that blow-up is really just an invariant way of introducing polar coordinates and that a function is smooth on the space X 0 X if it is smooth in polar coordinates about D @X : As a set, X 0 X is X X with D @X replaced by the interior pointing portion of its normal bundle. Let : X 0 X ,! X X denote the blow-down map. If x; y are coordinates in a product decomposition of X near @ X ;and we let x 0 ; y 0 be the corresponding coordinates on a second copy o f X;then R = x 2 + x 0 2 + y , y 0 2 1 2 is a de ning function for a new face, which w e call the front face, F: This is the lift of D @X = D @ X @ X :
The functions = x=R and 0 = x 0 =R are then de ning functions for the other two boundary faces which we call the top face T ; and bottom face B; respectively. See Figure 1 , which i s t a k en from section 3 of 18 . One advantage of working on this blown-up space is that the lift of the diagonal of X X only meets the boundary of the blown-up space at F and is disjoint from the other two boundary faces.
We de ne the bundle 0 1 2 X 0 X to be the lift of 0 1 2 X X under the blow-down map :
The kernel K of a zero pseudo-di erential operator in the class m;a;b 0 In section 3 we extend the notion of normal operators to Fourier integral operators. The fundamental fact that enables the simplicity of this note is the nite speed of propagation of information which ensures that there is no support on the top and bottom faces and only on the interior of the front face.
The 4 is not a local operator. To construct the wave group we i n troduce the class of 0-Fourier integral operators. It is not our purpose to discuss the most general Fourier integral operators that could be de ned in this setting. Instead we will only consider those whose kernels, when lifted to X 0 X; have support away from the top and bottom faces. So, we are able to ignore the corners formed by the intersections of the front face with the top and bottom faces. Hence, for this particular class of operators, we only need to consider Lagrangian submanifolds on a manifold with boundary. As mentioned above, these operators are closely related to the b-Fourier integral operators introduced in 19 . A somewhat simpli ed exposition of b-Fourier integral operators and their application to the study of propagation of singularities for semilinear wave equations can be found in 24 .
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2. The 0-Structure As observed in 18 , the Laplacian on an asymptotically hyperbolic manifold is a second order operator which locally is the product of vector elds that vanish at @ X :Here, in analogy with 19 , where the bFourier integral operators were introduced to study properties of di erential operators de ned by products of vector elds tangent t o @ X ;we will de ne the 0-Fourier integral operators. First we need to recall the de nition of the 0-cotangent bundle on X and its symplectic structure. This follows 18, 1 9 , 2 0 , 2 1 , 2 3 .
On a C 1 manifold with boundary X the space V 0 X of smooth vector elds that vanish on the boundary is a Lie algebra. If we take local coordinates x; y 1 ; :::; y n ; in which x is a de ning function of @ X ;V 0 X it has the local basis x @ @x ; x @ @y j ; 1 j n; near @ X ;and so it is the space of all C 1 sections of a vector bundle over X:
Restriction to the interior extends to de ne a smooth bundle map
which is an isomorphism in the interior and vanishes over @ X :Let 0 T X be the dual bundle to 0 T X :
The map then induces a map ; which in dual coordinates x; ; y; i s g i v en by : T X ,! 0 T X x; ; y; 7 ,! x; x; y; x = x; ; y; :
The canonical 1-form in T X; = dx+ dy Recall that F denotes the front face of X 0 X:Let X 0 X d denote the doubling of X 0 X across F; and let T F X 0 X denote the restriction of the cotangent space to the front face. We s a y that a smooth conic closed Lagrangian submanifold T X 0 X is extendible if it intersects T F X 0 X transversally. In that case there exists a smooth conic closed Lagrangian submanifold e T X 0 X d such that = e T X 0 X; 0 = t T F X 0 X:
To consider the implications of the transversality i n 2. where ! X is the symplectic form on 0 T X; and and i : 0 T X 0 T X ,! 0 T X is the projection on the j-th copy o f 0 T X:Henceforth, we will refer to !;as de ned in 2.3, as the symplectic structure on 0 T X 0 T X:
Next we observe that the dual to the blow-down map : X 0 X ,! X X induces a smooth map T X T X T X X ,! T X 0 X 2.4 which is an isomorphism in the interior. Proposition 2.1. Let : 0 T X ,! 0 T X;be a homogeneous canonical transformation whose projection onto the base space is the identity when restricted t o @ X :The identi cation T X T X 0 T X 0 T X; with the symplectic structure given by 2. We will apply this result to the Lagrangian submanifold de ned by the ow of the Hamiltonian vector eld of a function p 2 C 1 , 0 T X :
For the canonical 1-form given by 2.1, let 0 ! = d 0 be the canonical 2-form. Given p 2 C 1 T X the 0-Hamiltonian vector eld of p; 0 H p ; is de ned by 0 ! ; 0 H p = dp:
In local coordinates where 0 is given by 2.1, 0 H p is given by
Observe that the projection of 0 H p to the base space X vanishes at @ X :
Based on the usual theory of Fourier integral operators, the Lagrangian we are interested in is the one generated by the ow of the Hamiltonian vector eld of the length function g 2 C 1 , 0 T X given by the metric g:Using Proof. Since, as observed above, the projection of 0 H p to the base space vanishes at @ X ;the rst part of the statement follows directly from Proposition 2.1. Thus we only need to check the part concerning We consider projective coordinates, x; y; t; z; where t = x 0 =x; z = y 0 , y=x:
That is the blow-down map is x; t; y; z ,! x; x 0 ; y ; y 0 = x; tx; y; y + xz: Notice that in these coordinates F = fx = 0 g and D 0 = ft = 1 ; z = 0 g: Since dx 0 = xdt + tdx; dy 0 = dy + xdz + zdx; our coordinate transformation e on phase space is, x; ; y; ; x 0 ; y 0 ; 0 ; 0 7 ,! x; ; t ; ; y ; ;z;; where x; ; t ; ; y ; ;z; = A Lagrangian distribution with respect to an extendible Lagrangian T X 0 X ; or T R T X 0 X ; is de ned to be the restriction to X 0 X of a distribution which is Lagrangian with respect to an extension e of across F to X 0 X: For simplicity, as it makes no di erence to the applications here, we assume that the unrestricted distribution is supported in the interior of the double of the manifold X 0 X across F; i.e. its support does not intersect the top or bottom faces.
Our class of distributions now has a pair of natural symbols. The rst is the ordinary symbol of a Lagrangian distribution in the interior, which will be a smooth section of the Maslov bundle tensored with the half-density bundle over ; which is smooth up to the boundary of : It follows from the transversality assumption that the restriction of a Lagrangian distribution to the front face is in fact Lagrangian with respect to 0 : The symbol of this restriction will give the second natural symbol. Finally, we w ant t o de ne a ltration which corresponds to the order of vanishing at the front face. Let R be a boundary de ning function for the front face in X 0 X: We de ne I m;s to be equal to R s I m : The symbol at the front face, f s u; then de ned to be the restriction of R ,s u to the front face. This is of course dependent on the choice of R but is invariant as a section of the normal bundle raised to the power s: In what follows we will x a product decomposition in which 1.1 holds. This will give a de ning function R of the front face, so we will ignore this coordinate dependence. The class of ordinary Lagrangian symbols will just be a pair of elements m;s u = R s m u; f s u of the usual symbol class with the restriction that m u restricted to the front face equals f s u: We can see the independence of the class from the choice of extension of the Lagrangian submanifold as follows. We w ork in the double space and suppose 1 ; 2 both extend : Suppose u 2 I m;s 1 then we can take v 2 I m;s 2 with the same symbolon: The di erence is then of order m , 1 o n : Now, by the transverality assumption, each o f R ,s u; R ,s v will have w ell-de ned symbols at the front face and these symbols coincide. We can iteratively remove the principal symbols to get w such that R ,s u , w is of order ,1 everywhere on and on the front face. We can therefore now iterate again removing only functions smooth on the double space to get u , w smooth and rapidly decaying at the front face. The result is now clear.
De nition 3.1. If : 0 T X ,! 0 T X is a liftable 0-canonical transformation, and is the Lagrangian submanifold of T X 0 X given by the graph of ; as in Proposition 2. Asymptotically summing, we a c hieve an error in I ,1=4;1 0 R X;X; C; 0 1 2 and an error in the Cauchy data which v anishes to in nite order at the front face, and which is pseudo-di erential operator of order zero.
We can now extend this error term to be identically zero across the front face and remove i t i n the usual way using H ormander's Lagrangian calculus. See for example Theorem 1.1 of 7 .
Asymptotics of the Wave Trace
Once the wave group is known to be a 0-FIO, it is natural to ask whether the techniques of 4, 7 , 1 3 deveoped to analyze the trace of the wave group on compact manifolds without boundary can be extended to asymptotically hyperbolic manifolds. This rst di culty is that the operator Ut is not trace class, so we need to de ne a natural regularization which has a trace. As above, we use Ut; w; w 0 to denote the kernel of cos t q , n 2 4 : We begin by observing that for w;w 0 6 2 @ X ;the restriction of Ut; w; w 0 to the diagonal is well de ned. Indeed following the argument in section 1 of 7 , we let i : R ,! R X X t; w 7 ,! t; w; w:
The pull-back i is a Fourier integral operator of order 1 4 n de ned by the canonical relation W F 0 i = ft; ; w;+ ; t; ; w;; w;g : If w;w 0 6 2 @ X ;because 6 = 0 when t; ; w;; w; 2 W F U; we can apply H ormander's transversal composition theorem, see for example Theorem 2.5.11' of 12 , to conclude that i Ut i s a w ell de ned distribution in R X n @ X and W F i Ut f t; ; w;, : + qw; = 0 ; w; = t w;g : For 0; let X = fx g; where as above, x is a de ning function of @ X :Let : R X ,! R t; w 7 ,! t then integration over w is equal to the push-forward ; so it is a Fourier integral operator de ned by the canonical relation W F 0 = ft; ; t; ; w;0g :
Applying H ormander's theorem again we conclude that
Ut; w; w = i Ut is a well de ned distribution and W F T = ft; : 0; and w; = t w; for some w; with xw g:
Notice that the restriction of the half density factor in Ut; w; w 0 to the diagonal gives a 1-density i n X:
In particular we h a ve proven Proof. We will show that for small, a geodesic which i n tersects fx g cannot be closed. We know from Proposition 2.1 of 15 that for small, there exists a product decomposition X @ X 0; i n which 1.1 holds. In these coordinates, the geodesic ow is generated by the Hamiltonian function Since C meets F transversally, w e observe that the only obstacle for the convergence of I j t; ; as ! 0; is the density factor in u j ; which behaves as x ,n when x ! 0: Thus, for j n the integral Z x 0 x jũ j t; w; w converges. By taking the Taylor's expansion ofũ j t; w; w a s x ! 0; it follows that there exist constants C j ; j = 1 ; :::; n , 1; such that the limit. Next we analyze the behaviour of 0,tr Ut as t ! 0: Suppose that the set of periods of closed geodesics is contained in t 0 ; 1: Let 2 C 1 0 R be such that t = 1 for jtj t0 2 and t = 0 for jtj 2t0 3 :
Since the arguments in 13 , see also the proof of Proposition 2.1 of 7 , are entirely local, we can apply them directly to prove The analogous result for 0,tr Ut follows directly from its de nition and 4.1. We obtain
